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1

Terms of reference

United Energy and Multinet Gas are seeking your expert assistance in relation to the approach taken by the AER to the estimation of the cost of
equity, and to the determination of the weighted average cost of capital,
(WACC), more generally.
Specifically, your input is required in connection with a report prepared
by NERA Economic Consulting, The Market, Size and Value Premiums, A
report for the Energy Networks Association, June 2013. NERA has undertaken an analysis of the risk-free rate and the MRP, and has reviewed the
following reports prepared for the AER:
• Review of regime switching framework and critique of survey evidence,
Michael McKenzie and Graham Partington on behalf of the Securities Industry Research Centre of Asia-Pacific (SIRCA) Limited, report
dated September 7th 2012.
• Review of NERA report on the Black CAPM, Michael McKenzie and
Graham Partington on behalf of the Securities Industry Research Centre of Asia-Pacific (SIRCA) Limited, report dated August 24th 2012.
• Report to Corrs Chambers Westgarth, Equity Market Risk Premium,
Michael McKenzie and Graham Partington on behalf of XTR Pty.
Ltd., report dated December 21st 2011.
• Report to the AER, supplementary report on the equity market risk
premium, Michael McKenzie and Graham Partington on behalf of the
Securities Industry Research Centre of Asia-Pacific (SIRCA) Limited,
report dated February 22nd, 2012.
You are asked to review the report prepared by NERA and to consider
the questions presented below which are germane to appendix A and appendix B.2 of the NERA document:
1. Is the EGARCH model prepared by McKenzie and Partington correctly specified?
2. Can you calculate the unconditional volatility of the excess return to
the market portfolio that results from, or is implied by, the EGARCH
parameter estimates that McKenzie and Partington provide and compare the value that you produce with the estimates that Brailsford,
Handley and Maheswaran (2012) supply?
3. Can you ascertain whether Figure 7 in the McKenzie and Partington
review of the regime-switching framework report could reasonably have
been produced using the parameter estimates obtained by the authors?
2
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4. Can you provide estimates of the parameters of an EGARCH model
that uses Handley’s data updated to the end of 2011? The relevant series that you need to consider are: The grossed up series of with-credit
returns to the Australian market portfolio, computed under assumption that the market values a one-dollar credit at 35 cents (Handley
has not published these data in full but NERA have recreated them
and you will be provided with the data that NERA have assembled);
and, the bill return, which was calculated by rolling over three-month
Treasury Notes. These series are the ones that McKenzie and Partington and NERA use.
5. What are the results for volatility from your amended EGARCH model?
6. Can you assess the statement made by McKenzie and Partington
that ‘where the returns are skewed the [sample mean] will be biased’(paragraph 10 of the 21st December 2011 equity market risk premium report)?
7. Can you assess the statements made by McKenzie and Partington
about the mean, median and mode: ‘[In] large samples . . . differences
between the three measures of central tendency [will] be small’ (paragraph 10 of the equity market risk premium report)?

2

Analysis

1. Is the EGARCH model prepared by McKenzie and Partington
correctly specified?

The correct specification of the EGARCH(1,1) model, due to Nelson (1991),
is:
1/2

rt = µt + ht zt , zt ∼ i.i.d N (0, 1)

log(ht ) = µlog(h) + β log(ht−1 ) − µlog(h) + g(zt−1 )
where
g(zt−1 ) = θzt−1 + γ

r !
2
|zt−1 | −
π

and rt is the return to the market portfolio in excess of the return to a bill,
µt is the conditional mean of the excess return, ht is the conditional variance
of the excess return, and it is assumed that zt follows a Normal distribution
with mean 0 and standard deviation 1. The parameters of the model, to be
3
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estimated on the basis of the data, are µt , µlog(h) , β, θ, and γ. Note that
in principle µt can vary, but McKenzie and Partington assume that it is a
constant, µ.
The specification given by McKenzie and Partington (2012) is incorrect.
They give the second line above as:

log(ht ) = µlog(h) + β log ht−1 − µlog(h) ) + g(zt−1
A comparison of their specification with that of Nelson’s above indicates
McKenzie and Partington have omitted two parentheses - an opening parenthesis after β and a closing parenthesis after ht−1
Additional concerns about the specification of the model are addressed
in the answer to question 5.
Appendix A shows the equivalence of the EGARCH(1,1) model, as intended by McKenzie and Partington (2012), with the original specification
given by Nelson (1991).

2. Can you calculate the unconditional volatility of the excess return to the market portfolio that results from, or is implied by,
the EGARCH parameter estimates that McKenzie and Partington provide and compare the value that you produce with the
estimates that Brailsford, Handley and Maheswaran (2012) supply?

I have used the rugarch package (Ghalanos, 2012a) in the R environment
for statistical computing and graphics (R Core Team, 2013)1 . This package allows one to conveniently estimate the parameters of various GARCH
models.
The specification used in rugarch is slightly different but equivalent, as
shown in Appendix A. The corresponding specification for the EGARCH(1,1)
model is
2
log(σt2 ) = ω + α1 zt−1 + γ1 (|zt−1 | − E(|zt−1 |)) + β1 log(σt−1
)
1

R was chosen because it is open-source and facilitates reproducible research. This
report was produced using the knitr package (Xie, 2013), based on an underlying document that combines the text and R code used to produce the results, tables and figures.
The rugarch package is one of several R packages that fit GARCH models. The R task
view on Empirical Finance (Eddelbuettel, 2013) describes the facilities of the package:
“The rugarch package can be used to model a variety of univariate GARCH models with
extensions such as ARFIMA, in-mean, external regressors and various other specifications; with methods for fit, forecast, simulation, inference and plotting are provided too”.
Benchmarks are provided to show that rugarch produces results that are very similar to
a commercial based product and to a published benchmark analysis.

4
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and hence we have the following correspondences:
ht ≡ σt2

ω
1 − β1
θ ≡ α1

µlog(h) ≡

β ≡ β1
γ ≡ γ1
Simulating 1,000,000 values of an EGARCH(1,1) process using the parameter estimates given by McKenzie and Partington (2012), gives a standard
deviation of 0.426. Brailsford, Handley, and Maheswaran (2012), in contrast,
report that the standard deviation of the return to the market portfolio in
excess of the return to rolling over bills is, over the period 1833 to 2010,
0.168 - regardless of the assumption that one makes about the value that
the market places on imputation credits. The difference between the two
volatility values is quite pronounced and hints at a possible problem with
the application of the EGARCH model by McKenzie and Partington.

3. Can you ascertain whether Figure 7 in the McKenzie and Partington review of the regime-switching framework report could reasonably have been produced using the parameter estimates obtained
by the authors?

Figure 7 of McKenzie and Partington (2012) could not have been generated by an EGARCH model with the parameter estimates given in their
Table 5. The average of log(σt2 ) is given as exp(−1.7393/2) = 0.419, implying that the expected value of σt is at least 0.419. However, the maximum
volatility shown in Figure 7 (which can be inferred by digitising the graph
using GetData Graph Digitizer 2.25, Federov, 2012) was 0.217. Digitising
software extracts from a graph the data that would have been used to construct the graph (details and digitised data are given in Appendix D).

4. Can you provide estimates of the parameters of an EGARCH
model that uses Handley’s data updated to the end of 2011? The
relevant series that you need to consider are: The grossed up
series of with-credit returns to the Australian market portfolio,
computed under assumption that the market values a one-dollar
credit at 35 cents (Handley has not published these data in full
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but NERA have recreated them and you will be provided with
the data that NERA have assembled); and, the bill return, which
was calculated by rolling over three-month Treasury Notes. These
series are the ones that McKenzie and Partington and NERA use.

Using Handley’s data provided by NERA, the parameters of the EGARCH(1,1)
model were estimated using the rugarch package in R. The estimated parameters are given in Table 1. In addition, robust standard errors are given
in Table 2.
µ
ω
α1
β1
γ1

Estimate
0.066
-0.851
0.042
0.765
0.674

Std.Error
0.011
0.579
0.117
0.154
0.272

t−value
5.910
-1.472
0.362
4.972
2.479

p−value
0.000
0.141
0.717
0.000
0.013

Table 1: Estimated parameters for EGARCH(1,1) model.

µ
ω
α1
β1
γ1

Estimate
0.066
-0.851
0.042
0.765
0.674

Std.Error
0.014
1.271
0.168
0.339
0.564

t−value
4.807
-0.670
0.251
2.259
1.195

p−value
0.000
0.503
0.802
0.024
0.232

Table 2: Estimated parameters for EGARCH(1,1) model with robust standard errors.
Table 3 provides a comparison of the parameter estimates given by
rugarch with those given by NERA (2013)2 . There are only slight differences, due to the different optimisation methods used by rugarch and
SAS.

5. What are the results for volatility from your amended EGARCH
model?
2

See Appendix B for details of the equivalence of the parameter estimates given in
Table 3 and the estimated EGARCH equation given in Equation B.1, page 109 of the
NERA (2013) report.
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µ
ω
α1
β1
γ1

rugarch Estimate
0.066
-0.851
0.042
0.765
0.674

NERA Estimate
0.0660
-0.8356
0.0391
0.7707
0.6501

Table 3: Comparison between Estimated parameters for EGARCH(1,1)
model using rugarch and NERA (2013, page 109).
Using the estimated parameters, the calculated conditional standard deviation is plotted in Figure 1, together with the conditional standard deviations from the NERA (2013) report, based on the parameter estimates
given in their report, and the conditional standard deviations from McKenzie and Partington’s (2012) report, obtained by digitising the corresponding
graph using GetData Graph Digitizer 2.25. The rugarch results are much
more similar to the NERA results, and do not look at all like the McKenzie
and Partington results. The differences between the rugarch results and the
NERA results are very minor.
Indeed, the rugarch and NERA results are so similar that, aside from
the first few years of each series it is difficult to see that Figure 1 plots three
series and not two series. In contrast, the estimates that McKenzie and
Parlington provide are much smoother than the estimates that NERA and
I provide. In particular, they do not detect a substantial spike in volatility
after the global financial crisis of 2008.
Figure 2 gives a QQ (Quantile-Quantile) plot of the residuals from the
fitted EGARCH model. If the model is correctly specified, then the residuals
should fall on a straight line in the plot. This is not the case, indicating
that the residuals are not normally distributed. A better model is obtained
by allowing the innovations to have a distribution with heavier tails such
as a t-distribution. The best estimate of the degrees of freedom, ν, is 4.6,
showing much heavier tails than for a normal distribution.
Figure 3 shows a Cumulative Sum chart of the mean-corrected volatility.
In this graph, changes in the slope correspond to shifts in the mean of the
underlying process3 . The graph shows that just before 1960 the level of
volatility increased. However, in the specified EGARCH model, the volatility, although autocorrelated, is assumed to be stationary.
A process is said to be autocorrelated if the current observation and at
least one past observation are correlated with one another. A process is said
to be weakly stationary if the first and second moments of the process do
not depend on the data. Thus a process whose volatility drifts upwards over
3

Details about how to interpret Cumulative Sum charts are given in Appendix C.
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Figure 1: Comparison of volatility given by rugarch, that given by the
NERA report and that given by McKenzie and Partington
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Figure 2: QQ plot of residuals for the EGARCH(1,1) model
time without displaying a tendency to revert to some long-run mean is said
to be non-stationary. The EGARCH model that I presume that McKenzie
and Partington intend to use rules out such behaviour.
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Figure 3: Cumulative Sum graph of the mean-corrected volatility

6. Can you assess the statement made by McKenzie and Partington
that ‘where the returns are skewed the [sample mean] will be biased’(paragraph 10 of the 21st December 2011 equity market risk
premium report)?

The statement that McKenzie and Partington make is not correct. The
sample mean is an unbiased estimator of the population mean, as long as the
population mean exists, irrespective of whether the distribution is skewed
or not.
If the distribution is symmetric, the population mean and the population
median are identical. Although the sample mean is a more efficient estimator
than the sample median, the sample median is a more resistant estimator
in the presence of outliers.
The situation is more complicated when the distribution is skewed. Generally, but not universally, when the distribution is positively skewed the
following inequalities hold:
Population Mode < Population Median < Population Mean
The implication is that there is a bias using the sample median to estimate
the population mean.

9
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7. Can you assess the statements made by McKenzie and Partington about the mean, median and mode: ‘[In] large samples
. . . differences between the three measures of central tendency [will]
be small’ (paragraph 10 of the equity market risk premium report)?

The statement that McKenzie and Partington make will only be correct
for symmetric distributions. For non-symmetric distributions, the statement
is not correct.
Consider a lognormal distribution (see, for example, Forbes et al. 2011,
pp 131-134.) with parameters µ and σ, the mean and standard deviation of
the logarithm of the data values. Then we have the following:


1 2
Mean = exp µ + σ
2
Median = exp (µ)

Mode = exp (µ)/ exp σ 2
Clearly, no matter the size of the sample, the three population parameters
will remain different. Figure 4 shows a simulation for 100,000 samples of
size 200, where the log returns of an asset are independent and identically
distributed as normal with mean 8% and standard deviation 20%, with the
mode being estimated using kernal density methods. Note how both the
distributions of the sample mode and sample median are shifted to the left
relative to the distribution of the sample mean. The difference between
the mean and the median of the simple returns is, on average, 2.2% which
relative to the population mean of the excess returns to the market portfolio
is obviously economically significant.
The MRP is the difference between the mean (not the median) return
to the market portfolio and the risk-free rate. Using the sample median of
a series of returns to the market portfolio in excess of some measure of the
risk-free rate to estimate the quantity can lead to bias–contrary to what
McKenzie and Partington assert.
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Figure 4: Simulated lognormal data and distributions of means, medians
and modes of simple returns. Note that a different scale has been used for
the individual results in the top panel, compared to the bottom three panels.
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3

Conclusions

Based on my review I make the following conclusions:
• The EGARCH specification given by McKenzie and Partington (2012)
is not correct. In addition, residuals from the model are clearly nonnormal, and the volatility seems to have undergone a step change just
prior to 1960.
• The average volatility based on McKenzie and Partington’s parameter
estimates is approximately 0.426. This is a very high result. Brailsford, Handley, and Maheswaran (2012), in contrast, report that the
standard deviation of the return to the market portfolio in excess of
the return to rolling over bills is, over the period 1833 to 2010, 0.168 regardless of the assumption that one makes about the value that the
market places on imputation credits.
• Figure 7 of McKenzie and Partington (2012) does not match the parameter estimates given in their Table 5.
• I have used rugarch to provide updated parameter estimates for the
EGARCH(1,1) model. These parameter estimates give volatility results very similar to those given by NERA (2013). However, the results
are not at all similar to the McKenzie and Partington (2012) results.
• The sample mean is unbiased for the population mean, as long as the
population mean exists, irrespective of the skewness of the population.
• There is no reason for the mean, median and mode to be the same for
large samples if the distribution is skewed.
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A

A comparison of EGARCH specifications

Following Engle (1982), for each time period let ξt be the model’s prediction
error and σt2 be the variance of ξt given information at time t. Engle’s ARCH
model is given by
ξt = σt zt , σt2 = α0 +

m
X

2
αi zt−k

k=1

where zt is independent and identically distributed with mean zero and standard deviation 1, α0 > 0, and αk ≥ 0 for k > 0. In addition, the coefficients
must satisfy some regularity conditions to ensure that the unconditional
variance of ξt is finite (Tsay, 2010, p.116).
Nelson (1991) introduced the EGARCH model. His equations were:
ln(σt2 )

= αt +

∞
X

βk g(zt−k )

(1)

k=1

g(zt ) = θzt + γ (|zt | − E(|zt |))

(2)

and a more parsimonious model than equation (2):
ln(σt2 ) = αt +

(1 + ψ1 L + . . . ψq Lq )
g(zt−k )
(1 − ∆1 L − . . . ∆p Lp )

(3)

where L is the backshift operator where
Lzt = zt−1
and
Lq zt = zt−q
with q a positive integer.
The EGARCH(1,1) model corresponds to αt ≡ α and q = 0 and p = 1
and hence Equation (3) becomes:
1
g(zt−1 )
(1 − ∆1 L)
⇒ (1 − ∆1 L) ln(σt2 ) = (1 − ∆1 L)α + g(zt−1 )
ln(σt2 ) = α +

2
⇒ ln(σt2 ) − ∆1 ln(σt−1
) = (1 − ∆1 )α + g(zt−1 )
2
⇒ ln(σt2 ) = (1 − ∆1 )α + g(zt−1 ) + ∆1 ln(σt−1
)
2
= (1 − ∆1 )α + θzt−1 + γ (|zt−1 | − E(|zt−1 |) + ∆1 ln(σt−1
)

The rugarch model has the general specification (Ghalanos, 2012b):


q 
p
m
X
X
 X
2
2


ln(σt ) = ω +
ζj vjt +
αj zt−j +γj |zt−j |−E(|zt−j |) +
βj ln(σt−j
)
j=1

j=1

j=1
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where vj ’s are external regressors. In the EGARCH(1,1) model there are no
external regressors and q = 1 and p = 1, leading to the equation

2
ln(σt2 ) = ω + α1 zt−1 + γ1 |zt−1 | − E(|zt−1 |) + β1 ln(σt−1
)
and hence the Nelson EGARCH(1,1) model and the rugarch specification
are identical where
(1 − ∆1 )α ≡ ω
θ ≡ α1
γ ≡ γ1
∆1 ≡ β1

The corrected version of the specification provided incorrectly by McKenzie and Partington is
1/2

rt = µt + ht zt , zt ∼ i.i.d N (0, 1)

log(ht ) = µlog(h) + β log(ht−1 ) − µlog(h) + g(zt−1 )
where
g(zt−1 ) = θzt−1 + γ

r !
2
|zt−1 | −
π

This can be rewritten as
log(ht ) = µlog(h) − βµlog(h) + β log(ht−1 ) + θzt−1 + γ

r !
2
|zt−1 | −
(4)
π

= µlog(h) (1 − β) + β log(ht−1 ) + θzt−1 + γ (|zt−1 | − E(|zt−1 |))
since

r

2
π
when zt follows a standard normal distribution. Again, this is equivalent to
the Nelson EGARCH(1,1) model where
E(|zt−1 |) =

(1 − ∆1 )α ≡ µlog(h) (1 − β)
θ ≡ θ
γ ≡ γ
∆1 ≡ β

16
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Finally, the equivalence between the corrected specification due to McKenzie and Partington (2012) and the rugarch specification is given by
ω
1−β
θ ≡ α1

µlog h ≡

β ≡ β1
γ ≡ γ1

B

NERA’s Equation B.1 and Implied Parameter
Estimates in Table 3.

Equation (4) in Appendix A can be rewritten as follows:
log(ht ) = µlog(h) − βµlog(h) + β log(ht−1 ) + θzt−1 + γ

r !
2
|zt−1 | −
π

r

2
= µlog(h) (1 − β) − γ
+ β log(ht−1 ) + θzt−1 + γ(|zt−1 |)
π
r
2
=ω−γ
+ β log(ht−1 ) + θzt−1 + γ(|zt−1 |)
π
NERA (2013, Equation B.1, page 109) give the estimated EGARCH model
as:
1/2
rt = 0.0660 + ht zt zt ∼ NID(0, 1)
log(ht ) = −1.3543 + 0.7707 log(ht−1 ) + 0.6501|zt−1 | + 0.0391zt−1
and hence
µ = 0.0660
α1 = θ = 0.0391
β1 = β = 0.7707
γ1 = γ = 0.6501
r
2
= −1.3543.
ω−γ
π
Therefore,
r
ω = −1.3043 + γ

2
π
r

= −1.3043 + 0.6501
= −1.3043 + 0.5187
= −0.8356.
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2
π

C

Cumulative Sum Chart of mean-corrected volatility.

Cumulative Sum charts (see, for example, Box and Luceño, 1997, pp.75–78.)
have long been used in quality control and other applications to determine
changes in the mean level of processes. Some details of how to interpret
Figure 3 are given below.
Let vt be the estimated volatility at time t, with v the average volatility.
The cusum at time t is given by
t
X
ct =
(vi − v),
i=1

the cumulative sum of the mean corrected volatiliy. A cusum graph is a
line-graph of ct versus the time-period t.
Consider two time points r and t. The slope of the cusum graph is given
by
t
X

ct − cr
=
t−r
=

r
X
(vi − v)
(vi − v) −
i=1

i=1

t−r
t
1 X
(t − r)v
vi −
t−r
t−r
i=r+1

= v r+1:t − v
where v r+1:t is the mean volatility from period r + 1 to t. The following
conclusions apply:
• For periods when the slope of the cusum is zero, the mean volatility
is equal to the overall mean volatility.
• For periods when the slope of the cusum is positive, the mean volatility
is greater than the overall mean volatility.
• For periods when the slope of the cusum is negative, the mean volatility
is less than the overall mean volatility.
• Changes in the level of the mean volatility correspond to changes in
the slope of the cusum graph.
Figure 3 shows a marked change in the slope just before 1960. The overall
mean volatility is 0.159, but prior to the change in slope the mean volatility
was 0.129, and after the change in slope the mean volatility was 0.204,
corresponding to a 58% increase.
18
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D

Digitisation Data

GetData Graph Digitizer 2.25 is a program for digitising graphs and plots.
It allows the capture of the (x,y) co-ordinates from line graphs where the
original data is not available. The algorithm used was “Auto trace line”,
where a starting point on the line is selected and the program traces the
line, stopping at its end, and giving a series of co-ordinates on the line.
Figure 7 of Mckenzie and Partington (2012) was digitised using GetData
Graph Digitizer 2.25. Based on the co-ordinates provided by the program,
linear interpolation was used to give volatility values for each year from
1883 to 2011, and these values were used in the subsequent analysis. The
reconstructed data are given in Table 4.
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Year
1883
1884
1885
1886
1887
1888
1889
1890
1891
1892
1893
1894
1895
1896
1897
1898
1899
1900
1901
1902
1903
1904
1905
1906
1907
1908
1909
1910
1911
1912
1913
1914
1915
1916
1917
1918
1919
1920
1921
1922
1923
1924
1925

Volatility
0.161
0.155
0.145
0.144
0.162
0.170
0.162
0.153
0.154
0.149
0.148
0.146
0.149
0.148
0.143
0.143
0.142
0.141
0.142
0.145
0.153
0.150
0.146
0.141
0.137
0.141
0.143
0.141
0.137
0.135
0.133
0.134
0.137
0.142
0.144
0.142
0.145
0.144
0.147
0.153
0.153
0.148
0.146

Year
1926
1927
1928
1929
1930
1931
1932
1933
1934
1935
1936
1937
1938
1939
1940
1941
1942
1943
1944
1945
1946
1947
1948
1949
1950
1951
1952
1953
1954
1955
1956
1957
1958
1959
1960
1961
1962
1963
1964
1965
1966
1967
1968

Volatility
0.144
0.140
0.141
0.145
0.155
0.159
0.161
0.169
0.171
0.161
0.155
0.152
0.146
0.142
0.140
0.141
0.146
0.146
0.139
0.138
0.141
0.144
0.145
0.140
0.151
0.165
0.157
0.153
0.150
0.147
0.141
0.140
0.144
0.165
0.186
0.163
0.149
0.151
0.158
0.150
0.147
0.157
0.191

Year
1969
1970
1971
1972
1973
1974
1975
1976
1977
1978
1979
1980
1981
1982
1983
1984
1985
1986
1987
1988
1989
1990
1991
1992
1993
1994
1995
1996
1997
1998
1999
2000
2001
2002
2003
2004
2005
2006
2007
2008
2009
2010
2011

Volatility
0.184
0.162
0.158
0.163
0.179
0.175
0.190
0.203
0.170
0.155
0.159
0.186
0.201
0.181
0.188
0.217
0.184
0.188
0.192
0.173
0.155
0.149
0.158
0.156
0.158
0.188
0.168
0.156
0.144
0.136
0.133
0.138
0.136
0.136
0.138
0.142
0.156
0.155
0.158
0.160
0.177
0.196
0.168

Table 4: Reconstructed Data for Figure 7 of McKenzie and Partington
(2012).
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32



ESQUANT

Statistical Consulting
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(17 reports).
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R Packages (Extensions to R Programming Environment)
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packages/VizCompX
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• President, Victorian Branch, Statistical Society of Australia, 20012002.
– Terms as Council Member, Vice-President, and Past President.
• Referee: Australian and New Zealand Journal of Statistics, Biometrika,
Journal of Statistical Software
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